INTRODUCTION w x
Huang and Sun 5 proposed a theorem to guarantee the uniqueness of limit cyles for the generalized Lienard systeḿ dx dy s h y y F x , s yg x , 1 . 1 Ž . Ž . Ž . Ž .
dt dt
Ž . where the functions in 1.1 are assumed to be continuous and such that uniqueness for solutions of initial value problems is guaranteed.
Ž .
x Ž . Ž . Ž . Conditions i ᎐ iii imply that system 1.1 has a unique singularity, which will be an antisaddle, i.e., a critical point at which the product of the eigenvalues of the Jacobian matrix is positive. It has been proved by w x Huang and Sun 5 that ⅷ Ž . Ž . it follows from conditions i ᎐ iii that this singularity is located at Ž . O 0,0 and is unstable. 
Ž .
If iv holds then there exists a closed curve ⌫ such that every trajectory intersecting it crosses it in the exterior-to-interior direction, hence implying the existence of at least one stable limit cycle, by the w x Poincare᎐Bendixson theorem; see, for instance, Andronov et al. 2 . 
Finally, condition v ensures that all closed trajectories of system Ž . 1.1 have to intersect both x s x and x s x . 1 2 Ž . Ž . Ž . Huang and Sun claimed that if conditions i ᎐ v hold then system 1.1 has exactly one limit cycle. We will point out that this claim is incorrect. In fact, in their proof Huang and Sun compare the values of the differential Ž . Ž . of the function G x q H y integrated along two limit cycles. However, this comparison is valid only if the following condition is added:
w x We will give an example due to Zhang and Shi 12 , which satisfies Ž . Ž . Ž . conditions i ᎐ v but violates 1.2 , which has three limit cycles.
Ž . Ž . Ž . Ž . If i ᎐ v and 1.2 do hold we will give a short proof that system 1.1 has exactly one limit cycle, not by using a comparison method but by Ž . estimating the divergence of system 1.1 integrated along a limit cycle. By this we can show that the limit cycle is hyperbolic. A limit cycle is hyperbolic, or simple, if for any arbitrarily small analytic perturbation of the system there is no other limit cycle in a sufficiently small neighbourw x hood of the limit cycle; see, for instance, 2 .
Next, we will state an additional condition to guarantee the uniqueness Ž . Ž . of the limit cycle in case 1.2 is violated. If the functions in 1.1 are all Ž . odd then system 1.1 exhibits symmetry with respect to the origin and the conditions of our theorem can be weakened.
Finally, we provide some examples that illustrate our results. Ž .

THREE UNIQUENESS THEOREMS
Ž . y x ,␣ F x F ␤. Then F ␤ y h y ␣ Ž . Ž . Ž . yf x dt s sgn h y ␣ y F ␣ ln Ž . Ž . Ž . Ž . Ž . H F␣y h y ␣ Ž . Ž . Ž . ␥ F ␤ yF x g x dhrdy Ž . Ž . Ž .Ž . Ž . ␤ q dx . H 2 ␣ F ␤ y h y x F x y h y x Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
H H
This integral is negative because the integrand is negative by virtue of Ž . Ž . i ᎐ iii . Thus have we proved I r s H r cos tF r cos t dt s r r y 1 r y r y .
Ž . Ž . Because the nonzero roots of I r are simple it follows that 2.1 has three hyperbolic limit cycles, located in the vicinity of the circles,
Ž . Ž . Ž . It is easy to check that conditions i ᎐ v hold but 1.2 is not satisfied, as Ž . can be seen by plotting the graph of F x .
Ž . If 1.2 is violated then we need an additional condition to guarantee the uniqueness of the limit cycle. In order to formulate this condition we will w x use a lemma by Zhang et al. 11 . that y -y . This is impossible because obviously ␥ cannot intersect ⌫ .
The case x F yx can be dealt with in a similar way. Ž . Because O 0, 0 is an unstable antisaddle it follows from the Ž . Poincare᎐Bendixson theorem that system 1.1 has at least one limit cyclé < < Ž . in the strip x -r. By condition v any such limit cycle will have to Ž . intersect both x s x and x s x . Because 2.3 holds it follows from 1 2 Corollary 2.3 that the limit cycle is hyperbolic and stable and hence unique. It follows from applying Corollary 2.5 with x s r that there are 0 < < no limit cycles in the strip x F d that cross x s yr or x s r. This completes the proof.
Ž .
Ž . Ž . If h y s y and g x s x then system 1.1 reduces to dx dy s y y F x , s yx. Ž . Then system 2.4 has at most two limit cycles in the strip ␤ F x F ␤ . If 1 2 two limit cycles exist then the inner one is stable and the outer one unstable.
The method of proof for Lemma 2.8 is exactly the same as in Rychkov's w x theorem; see Ye et al. 9, Theorem 7.2 . This is because the limit cycles of Ž . 2.4 are either intersecting both x s ␣ and x s ␣ , or they are inside 1 2 the strip ␣ F x F ␣ while intersecting both x s x and x s x . stable by Corollary 2.3. As in Theorem 2.6 there are no limit cycles intersecting x s yr or x s r. Because all conditions of Lemma 2.8 are Ž . satisfied it follows that if system 2.4 has a limit cycle ⌫ intersecting out x s ␣ and x s ␣ then it has to be unstable and unique. This is 1 2 impossible because as a result of the Poincare᎐Bendixson theorem thé < < number of stable and unstable limit cycles in the strip x F r intersecting w x both x s ␣ and x s ␣ has to be equal; see, for instance, 2 . This 1 2 completes the proof.
Ž . Remark 2.2. It is easy to see that if we assume that FЈ x G 0 on w x Ž . Ž . yr, x instead of 2.6 then we do not need 2.7 to prove the uniqueness 1 of the limit cycle. w x w x Ž . Remark 2.3. If both on x , 0 and on 0, x FЈ x has only one zero, 1 2 Ž . say a and a , respectively, then condition 2.7 can be weakened, see 1 2 w x Huang and Yang 4 , to
Ž . increasing, continuous and
with satisfying ␥ we ha¨e F x G yF x for x g I; Ž . corresponds to a special case of Lemma 3.1 with x s x q , with s s , by symmetry. The proof is basically the same as the proof of Theorem 2.7 and is therefore omitted.
Ž . Remark 3.2. We have dropped condition 2.7 as condition e of Lemma 2.8 is always satisfied because every closed orbit is symmetric with respect to the origin and ␣ s y␣ . 1 2 Ž . Remark 3.3. Because 2.7 does not necessarily hold the limit cycle < < might not be contained in x F ␣. If this occurs then we cannot prove that the limit cycle is hyperbolic through Theorem 2.1. However, we can use a w x result by Odani 6 , Theorem B , to arrive at the same conclusion.
EXAMPLES
In this section we will give some examples that illustrate our results. For all systems in this section we will prove that there exists a unique, hyperbolic stable limit cycle. Ž . II , and III are also satisfied with x s yx s 1 and hence a s 1. In 2 1 Ž . Ž . order to apply Theorem 2.6 we only need to ascertain that IV and 2.3 Ž . are also satisfied. It can be shown that for s s 1, s s 1.1 IV 
